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Godeaux surfaces I
Frank-Olaf Schreyer and Isabel Stenger
Abstract
In this paper we describe an 8-dimensional locally complete family of simply
connected numerical Godeaux surfaces, building on an homological algebra approach
to their construction. We also describe how the families of Reid and Miyaoka with
torsion Z/3Z and Z/5Z arise in our homological setting.
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Introduction
The minimal surfaces of general type with the smallest possible numerical invariants are
the numerical Godeaux surfaces. They have always been of a particular interest in the
classification of algebraic surfaces. Miyaoka ([Miy76]) showed that the torsion group
of such surfaces is cyclic of order m ≤ 5. Whereas numerical Godeaux surfaces for
1
m = 3, 4, 5 are completely described by Reid ([Rei72]), a complete classification in the
other cases is still open.
Let X be a numerical Godeaux surface, and let x0, x1 (respectively y0, . . . , y3) de-
note a basis of H0(X,OX(2KX)) (respectively of H0(X,OX(3KX))). We consider the
weighted polynomial ring S = k[x0, x2, y0, . . . , y3]. The canonical ring R(X) is a finitely
generated S-module. Using the structure result from [Ste18], R(X) as an S-module ad-
mits a self-dual minimal free resolution F of length three with a skew-symmetric middle
map. There are only finitely many isomorphism classes of the complex F/(x0, x1) possi-
ble.
In this article, we study the case where the bicanonical system |2KX | has no fixed part
and four distinct base points, which we can assume to be mapped to the coordinate points
of P3 under the tricanonical map. The main idea of the construction is to recover the min-
imal free resolution F of R(X) as a deformation of the complex F/(x0, x1). The essential
technique is to consider an unfolding of F/(x0, x1) and to interpret the flatness as equa-
tions with respect to the unfolding parameters. Removing unfolding parameters which
have to be zero by the equations, the remaining parameters which are linear functions in
x0, x1 satisfy a quadratic system of equations. This system consists of four quadrics defin-
ing a complete intersection variety Q in a P11. The first step in our construction method
for numerical Godeaux surfaces is to choose a line ℓ inQ. After this choice, the remaining
relations define a linear system of equations which can be solved by a syzygy computation.
For a general line in Q we get a 4-dimensional linear solution space. To obtain a complete
classification of all numerical Godeaux surfaces, we have to determine the loci of all lines
in Q at which the linear solution space in the second step is so big that we obtain another
component.
We succeeded to construct an 8-dimensional locally complete family of simply con-
nected numerical Godeaux surfaces. Moreover, we reconstructed the torsion Z/3Z- and
Z/5Z-components of Reid ([Rei72]) and the Barlow surfaces ([Bar85]) with our method.
Furthermore, we give a complete characterization for the existence of hyperelliptic bi-
canonical fibers and non-trivial torsion groups in terms of our homological setting. In a
subsequent work, we will present our construction of a locally complete 8-dimensional
unirational family of numerical Godeaux surfaces with torsion group Z/2Z.
For the time being, we failed to give a complete characterization of all numerical
Godeaux surfaces due to the existence of ghost components. These ghost components
arise from other components of the space of all solutions of our deformation problem. We
were not able to determine the general stratification of the Fano scheme of lines F1(Q)
with regard to the dimension of the solution space in the second step.
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1 Preliminaries
Throughout this paper, we use the following notation.
• X denotes a numerical Godeaux surface;
• π : X → Xcan = Proj(R(X)) denotes the morphism to the canonical model;
• KX and KXcan denote canonical divisors;
• TorsX denotes the torsion subgroup of the Picard group;
• k denotes the ground field.
We are mainly interested in the case k = C but for computations we also use k = Q or
number fields. In our experiments, k can also be a finite field which we often may regard
as a specialization of a number field.
In our construction we use some classical results on the bi- and the tricanonical system
of a numerical Godeaux surface X over C which we will briefly recall here. Let us start
with the bicanonical system. We write
|2KX| = |M | + F,
whereM denotes a generic member of the moving part and F the fixed part of |2KX|.
Proposition 1.1 ([Miy76], Lemma 6). If M is generically chosen, M is reduced and
irreducible. Moreover,M and F satisfy one of the following conditions
(i) F = 0,
(ii) KXF = 0, F
2 = −2,M2 = 2,MF = 2,
(iii) KXF = 0, F
2 = −4,M2 = 0,MF = 4.
Remark 1.2. The statement shows that the fixed part of |2KX |, if non-empty, is supported
on the (−2)-curves of X . Hence, |2KXcan| is free from fixed components and its generic
member is irreducible.
Next we summarize some results on the tricanonical system:
Theorem 1.3 ([Miy76], Theorem 3, Proposition 2 and Proposition 3). The tricanonical
map φ|3KX | is birational onto its image. The linear system |3KX | has no fixed part. The
generic elementM of the moving part of |2KX | contains no base points of |3KX|.
Remark 1.4. Combining the previous statements, we conclude that no base point of |3KX |
(respectively of |3KXcan|) is a base point of |2KX | (respectively of |2KXcan|). Hence,
for a base point P of |3KX | there exists a unique divisor D ∈ |2KX| which contains P .
Furthermore, Miyaoka showed that a point Pˆ is a base point of |3KXcan| if and only if Pˆ =
Dˆ1Dˆ2, where Dˆ1, Dˆ2 are two distinct effective curves which are numerically equivalent to
KXcan with Dˆ1 + Dˆ2 ∈ |2KXcan|. The last fact gives indeed a very precise description of
the number of base points of |3KX |.
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Theorem 1.5 ([Miy76], Theorem 2). Every base point of the tricanonical system |3KX|
is simple, and the number b of base points is given as follows:
b =
#{t ∈ H2(X,Z)tors | t 6= −t}
2
.
Note that for a numerical Godeaux surface X , H2(X,Z)tors = TorsX = H1(X,Z).
Bombieri showed that the order of the torsion group of a numerical Godeaux surface is
≤ 6 (see [Bom73], Theorem 11.14). Miyaoka refined this result in the following way:
Lemma 1.6 ([Miy76], Lemma 11). The torsion group of X is cyclic of order ≤ 5.
Combining these two statements we obtain the following important result:
Theorem 1.7 ([Miy76], Theorem 2’ and subsequent Remark). As above, let b denote the
number of base points of |3KX |. Then
b =


0 if TorsX ∼= 0 or Z/2Z,
1 if TorsX ∼= Z/3Z or Z/4Z,
2 if TorsX ∼= Z/5Z.
Later we will use this characterization and Lemma 1.9 below to determine the torsion
group of our constructed surfaces.
Remark 1.8. Note that for a non-trivial torsion element τ ∈ TorsX we have
h0(X,KX + τ) = 1, h
1(X,KX + τ) = 0.
Indeed, by the Riemann-Roch theorem we have h0(X,KX+τ)−h1(X,KX+τ) = 1. Now
h1(X,KX + τ) > 0 implies that for the finite e´tale covering f : Y → X corresponding
to τ we get h1(Y,OY ) > 0. Hence, Y has finite cyclic coverings of any large order (see
[Bom73], Lemma 10.14), and so does X , which is not possible.
Lemma 1.9. Assume that |2KX | has no fixed part and (2KX)2 = 4 distinct (simple) base
points. Then the order of TorsX is odd. In particular, for the number b of base points of
|3KX | we find that
• b = 0 if and only if TorsX ∼= 0,
• b = 1 if and only if TorsX ∼= Z/3Z,
• b = 2 if and only if TorsX ∼= Z/5Z.
Proof. Suppose to the contrary that TorsX ∼= Z/2Z or TorsX ∼= Z/4Z. Let τ ∈ TorsX
be a non-trivial torsion element of order 2. By Remark 1.8 there exists an effective divisor
D ∈ |KX + τ |. But then |2KX | contains the double curve 2D and thus, cannot have 4
distinct base points. The second part is an immediate consequence of Theorem 1.7.
4
2 A structure theorem for Godeaux rings
In this section we present a structure theorem for the canonical ring
R(X) =
⊕
n
H0(X,OX(nKX)) =
⊕
n
H0(X, nKX)
of a numerical Godeaux surface X in which we describe the minimal free resolution of
R(X) as a module over a weighted polynomial ring S.
We first determine a minimal set of generators of R(X) as an k-algebra. Using the
Riemann-Roch theorem we see that the plurigenera of X are
Pn = h
0(X, nKX) =


1 for n = 0,
0 for n = 1,(
n
2
)
+ 1 for n ≥ 2.
Let x0, x1 be a basis ofH
0(X, 2KX), and let y0, y1, y2, y3 be a basis ofH
0(X, 3KX). Now
R(X) being an integral domain implies that the elements x20, x0x1, x
2
1 are linearly indepen-
dent. Thus, as H0(X, 4KX) is 7-dimensional, we can choose z0, . . . , z3 ∈ H0(X, 4KX)
extending these elements to a basis. To give a basis for the vector space H0(X, 5KX), we
use the following:
Lemma 2.1. The multiplication map µ : H0(X, 2KX)⊗H0(X, 3KX)→ H0(X, 5KX) is
injective.
Proof. As R(X) ∼= R(Xcan) it is sufficient to show that
µ˜ : H0(Xcan, 2KXcan)⊗H
0(Xcan, 3KXcan)→ H
0(Xcan, 5KXcan)
is injective. Let x0, x1 be a basis of H
0(X, 2KX) ∼= H0(Xcan, 2KXcan). By Remark 1.2
we know that the bicanonical system has no fixed part on the canonical model. Hence, the
following sequence is exact
0→ OXcan(−4KXcan)
(
x1
−x0
)
−−−−→
OXcan(−2KXcan)
⊕
OXcan(−2KXcan)
(x0,x1)
−−−−→ OXcan → OZ → 0,
where Z = div(x0) ∩ div(x1). Now tensoring with OXcan(5KXcan) and taking global
sections, the statement follows since h0(Xcan, KXcan) = h
1(Xcan,OXcan) = 0.
The lemma shows that the global sections xiyj for i = 0, 1 and j = 0, . . . , 3 define
an 8-dimensional subspace of H0(X, 5KX). Now as h
0(X, 5KX) = 11, we can choose
sections w0, w1, w2 ∈ H0(X, 5KX) extending these elements to a basis. Since we will use
the same notation for the generators in the following, we summarize the previous results
in one table:
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n h0(X, nKX) basis of H
0(X, nKX)
2 2 x0, x1
3 4 y0, . . . , y3
4 7 x20, x0x1, x
2
1, z0, . . . , z3
5 11 x0y0, . . . , x1y3, w0, w1, w2
The entries marked in blue give a minimal generating set of R(X) (as a k-algebra) up
to degree 5. Ciliberto showed that the canonical ring of any surface of general type is
generated in degree≤ 6 (see [Cil83], Theorem 3.5). Using this result, we get the following
refinement for numerical Godeaux surfaces:
Lemma 2.2. As a k-algebra, R(X) is generated in degree ≤ 5.
Proof. First recall that no base point of the tricanonical system of X is a base point of
the bicanonical system. Hence, there exists a global section y ∈ H0(X, 3KX) such that
Proj(R(X)/(x0, x1, y) = ∅. Then, as R(X) is Cohen-Macaulay, R(X) is a free module
over A = k[x0, x1, y]. Using the Hilbert series Ψ(t) of R(X), the degrees of the free
generators are given by
(1− t2)2(1− t3)Ψ(t) = 1 + 3t3 + 4t4 + 3t5 + t8.
This implies that any homogeneous element of R(X) of degree 6 is an A-linear combina-
tion of elements of R(X) of degree ≤ 5 which shows the claim.
So, if Sˆ := k[x0, x1, y0, . . . , y3, z0, . . . , z3, w0, w1, w2] is the weighted polynomial ring
with degrees as assigned before, there is a closed embedding
(1) Xcan = Proj(R(X)) −֒→ Proj(Sˆ) = P(2
2, 34, 44, 53).
Thus, we can consider the canonical model of X as a subvariety of a weighted projective
space of dimension 12. Studying this embedding is difficult because we have no structure
theorem for Gorenstein ideals of such high codimension. Furthermore, from a computa-
tional point of view, codimension 10 is not promising for irreducibility or non-singularity
tests. The original construction idea in [Sch05] addresses these problems:
Basic idea: We do not consider R(X) as an algebra but as a finitely generated S-
module, where S ⊂ Sˆ is a subring chosen appropriately. Geometrically, we study the
image of Xcan under the projection into the (smaller) projective space Proj(S).
So let S = k[x0, x1, y0, y1, y2, y3] be the graded polynomial ring, where the xi and yj
are as before with deg(xi) = 2 and deg(yj) = 3. The natural homomorphism
f : S → R(X)
gives R(X) the structure of a graded S-algebra. In the following, we consider R(X) as a
graded S-module via the homomorphism f .
Lemma 2.3. R(X) is a finitely generated S-module.
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Proof. By Proposition 1.3 and Remark 1.4 the elements xi and yj have an empty vanishing
locus in Xcan, hence R(X) is finite over S.
Using the closed embedding in (1), we will from now on identify Xcan with its image
in P(22, 34, 44, 53). Now, since R(X) is finitely generated as an S-module, the homomor-
phism f : S → R(X) induces a finite morphism of projective schemes
ϕ : Xcan → P(2
2, 34)
with image Y = Proj(SY ) ⊂ P(22, 34), where SY = S/ annS(R(X)).
Lemma 2.4. (Xcan, ϕ) is the normalization of Y .
Proof. We already know that ϕ : Xcan → Y is a finite morphism. Furthermore, ϕ is
birational because the tricanonical map φ3 : Xcan 99K P
3 is birational onto its image and
factors over Y . Hence, as Xcan is normal, (Xcan, ϕ) is the normalization of Y .
As a next step we will describe the minimal free resolution of R(X) as an S-module.
First we note that R(X) is a Cohen-Macaulay graded S-module, hence by the Auslander-
Buchsbaum formulaR(X) has projective dimension 3. The fact thatR(X) is a Gorenstein
ring implies the following symmetry condition:
Proposition 2.5. Let
0← R(X)← F0 ← . . .← F3 ← 0
be a minimal free resolution of R(X) as an S-module, where Fi =
⊕
j≥0 S(−j)
βi,j .
Then
βi,j = β3−i,17−j for 0 ≤ i ≤ 3, 0 ≤ j ≤ 17,
and the Betti numbers are of the following form:
0 1 2 3
total : 8 26 26 8
0 : 1 . . .
1 : . . . .
2 : . . . .
3 : . . . .
4 : 4 . . .
5 : 3 6 . .
6 : . 12 . .
7 : . 8 8 .
8 : . . 12 .
9 : . . 6 3
10 : . . . 4
11 : . . . .
12 : . . . .
13 : . . . .
14 : . . . 1
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Proof. Let ωS ∼= S(−16) denote the canonical module of S. Applying HomS(-, ωS) to a
minimal free resolution of R(X) yields a minimal free resolution of Ext3S(R(X), ωS)
∼=
ωR(X)
0← ωR(X) ← HomS(F3, ωS)← HomS(F2, ωS)← HomS(F1, ωS)← HomS(F0, ωS)← 0.
On the other hand, as ωR(X) ∼= R(X)(1), we obtain
0← R(X)← HomS(F3, S(−17))← HomS(F2, S(−17))
← HomS(F1, S(−17))← HomS(F0, S(−17))← 0,
which is another minimal free resolution of R(X) and shows the first claim. To determine
the exact Betti numbers we consider the R(X)-regular sequence x0, x1, y as in the proof
of Proposition 2.2. We know thatMa = R(X)/(x0, x1, y) as an S/(x0, x1, y)-module has
the same Betti numbers as R(X) as an S-module. Modulo x0, x1, y the Artinian module
Ma decomposes into a direct sum of three modulesM
(i)
a with Hilbert series
h0 =1 + 3t
3,
h1 =4t
4,
h2 =3t
5 + t8
and Hilbert numerators
h0 · (1− t
3)3 =1− 6t6 + 8t9 − 3t12,
h1 · (1− t
3)3 =4t4 − 12t7 + 12t10 − 4t13,
h2 · (1− t
3)3 =3t5 − 8t8 + 6t11 − t17.
Thus,Ma and R(X) have the Betti numbers as claimed.
Thus R(X) has a self-dual resolution of length 3, but we cannot apply the famous
structure theorem of Buchsbaum-Eisenbud ([BE77]), sinceR(X) is not a cyclicS-module.
However, we can apply the structure result for Gorenstein algebras of [Ste19]:
Theorem 2.6 ([Ste19], Theorem 1.5 and Corollary 5.6). There exists a minimal free reso-
lution of R(X) as an S-module of type
0← R(X)← F0
d1←− F1
d2←− F ∗1 (−17)
dt
1←− F ∗0 (−17)← 0,
where d2 is alternating.
Using this statement we can translate the question of constructing or classifying nu-
merical Godeaux surfaces from a problem in algebraic geometry into a problem in ho-
mological algebra. Thus, the main focus of our approach is to construct and describe
S-modules R having a minimal free resolution as described above.
We end this section by determining a minimal set of generating relations of Xcan ⊂
P(22, 34, 44, 53). Using the proof of the structure theorem in [Ste19], these relations can
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be computed explicitly from a minimal free resolution F of R(X) since the ring structure
of R(X) induces a multiplicative structure on the complex F ⊗ F and a morphism of
complexes F ⊗ F → F. Using this morphism, we compute a minimal generating set of
R(X) with the procedure canonicalRing from our package NumericalGodeaux.
From (1) we know that there exists a surjective ring homomorphism
fˆ : Sˆ → R(X),
where Sˆ = k[x0, x1, y0, . . . , y3, z0, . . . , z3, w0, w1, w2] is the graded polynomial ring as
defined before. Let r0 = 1, r1 = z0, . . . , r4 = z3, r5 = w0, r6 = w1, r7 = w2 which
generate R(X) as an S-module. Proposition 2.5 shows that there are 26 S-linear relations
between these module generators:
(2) 0 =
7∑
k=0
gm,krk.
Furthermore, for the 28 elements rirj ∈ R(X), 1 ≤ i ≤ j ≤ 7, there exist elements
si,j,k ∈ S such that
(3) rirj =
7∑
k=0
si,j,krk.
These relations are linearly independent and are uniquely determined modulo the relations
in (2). Let IX ⊂ Sˆ be the ideal generated by the relations in (2) and (3). Then:
Lemma 2.7. R(X) ∼= Sˆ/IX
Proof. Since all generators of IX define relations in R(X), fˆ factors through a surjec-
tive homomorphism Sˆ/IX → R(X). On the other hand, as an S-module, Sˆ/IX is also
generated by r0, . . . , r7, and every relation in (2) is also an S-linear relation between the
module generators of Sˆ/IX . Hence, there exists a surjective S-linear homomorphism
R(X)→ Sˆ/IX which shows the claim.
We conclude that the homogeneous ideal of Xcan ⊂ P(22, 34, 44, 53) is minimally
generated by 54 equations with the following degrees:
0 1
total: 1 54
0: 1 .
1: . .
2: . .
3: . .
4: . .
5: . 6
6: . 12
7: . 18
8: . 12
9: . 6
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Remark 2.8. In Theorem 2.6 we have seen that the canonical ring of any numerical Godeaux
surface, considered as an S-module, admits a minimal free resolution with an alternating
middle map. Conversely, given an exact sequence
F0
d1←− F1
d2←− F ∗1 (−17)
dt
1←− F ∗0 (−17)← 0,
where F0 and F1 are defined as above and d2 is alternating, the question is whether the
S-module R admits a ring structure and, if so, whether R defines the canonical ring of
a numerical Godeaux surface. In [Ste18], Theorem 5.0.2, we give a sufficient condition
for R carrying a ring structure depending only on the first syzygy matrix d1: let d
′
1 be the
matrix obtained from d1 by erasing the first row, and let I
′ denote the ideal generated by
the maximal minors of d′1. Then R admits the structure of a Gorenstein ring if
(R.C.) depth(I ′, S) ≥ 5.
If this condition is satisfied, then ProjR defines a surface embedded in a weighted
projective space. Moreover, under the condition that ProjR has only Du Val singularities,
ProjR defines indeed the canonical model of a numerical Godeaux surface.
3 Normal form and an intersection of four quadrics in P11
In this section we will introduce our unfolding techniques for the minimal free resolution
of R(X) as an S-module. We set up the first two syzygy matrices with unfolding parame-
ters and study the system of relations which arises by setting the product of these matrices
to zero. Using these relations, we introduce a normal form for the matrices in a minimal
free resolution of R(X) as an S-module.
From the last section we know that there exists a minimal free resolution of R(X) of
the form
0← R(X)← F0
d1←− F1
d2←− F∨1
dt
1←− F∨0 ← 0
with dt2 = −d2, F0 = S ⊕ S(−4)
4 ⊕ S(−5)3, F1 = S(−6)6 ⊕ S(−7)12 ⊕ S(−8)8 and
F∨i = Hom(Fi, S(−17)).
Notation 3.1 (The general set-up). We write
d1 =
6S(−6) 12S(−7) 8S(−8)
S b0(y) + ∗ ∗ ∗
4S(−4) a b1(y) c
3S(−5) 0 e b2(y)
d2 =
6S(−11) 12S(−10) 8S(−9)
6S(−6) o n b3(y)
12S(−7) −nt b4(y) p
8S(−8) −b3(y)t −pt 0
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The matrices o and b4 are both skew-symmetric. Since there are no elements of degree
1 in S, the maps S(−5)3 ← S(−6)6 and S(−8)8 ← S(−9)8 are both zero. The red
matrices are the submatrices of d1 and d2 which depend only on the variables y0, . . . , y3.
More precisely, for each i, all entries of bi(y) are linear combinations of y0, . . . , y3 with
coefficients in k. By d′1 we denote the matrix obtained from d1 by erasing the first row.
We do not assign names to the matrices indicated by ∗ since they won’t play a role in the
following. For the matrices marked in blue we obtain the characterization:
degree entries
a, e, p 2 linear combinations of x0, x1
c, n 4 linear combinations of x20, x0x1, x
2
1
o 5 linear combinations of xiyj, i = 0, 1, j = 0, . . . , 3
We start by describing the minimal free resolution modulo the regular sequence x0, x1.
Let R¯ := R(X)/(x0, x1)R(X) and T := S/(x0, x1) ∼= k[y0, . . . , y3] with deg(yi) = 3. As
a T -module R¯ splits into a direct sum
R¯ =
2⊕
k=0
R¯(k) with R¯(k) :=
⊕
j≡k
(mod 3)
R¯j.
Moreover, for any minimal free resolution F ofR(X) the complex F¯ = F/(x0, x1) decom-
poses into a direct sum of three T -complexes which are minimal free resolutions of R¯(k)
as T -modules.
Lemma 3.2. Proj(R¯(0)) is a finite scheme of length 4 in P3.
Proof. We know that R¯(0) =
⊕
k≥0 R¯3k is a graded ring. Furthermore, the minimal free
resolution of R¯(0) as a T -module is of the form
0← R¯(0) ← T ← T (−2)6 ← T (−3)8 ← T (−4)3 ← 0,
where we consider the variables yj with degree 1 now. The Hilbert polynomial of R¯
(0) is
the constant polynomial 4, thus Proj(R¯(0)) ⊂ P3 is a finite scheme of length 4.
Remark 3.3. The Hilbert scheme of length 4 subschemes of P3 which span P3 is known to
be irreducible with finitely many orbits under the PGL(4)-action. In this paper we focus
on the dense orbit which consists of collections of 4 distinct points in general position.
The fact that there are only finitely many orbits give us hope that a complete classification
of numerical Godeaux surfaces along the lines of our approach might be possible with
further work.
Proposition 3.4. Let X be a numerical Godeaux surface. The following are equivalent
(a) |2KX | has no fixed part and four distinct base points.
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(b) Proj(R¯(0)) consists of four distinct points.
Proof. The scheme Proj(R¯(0)) is the image of the base points of |2KX | under the tri-
canonical map from Xcan to P
3. The fixed part F in case (ii) and (iii) of Proposition
1.1 gets contracted to rational double points leading to a non-reduced scheme structure of
Proj(R¯(0)). So these cases are excluded under the assumption (b). To prove (a) ⇒ (b),
we note that a general member of |M | = |2KX | is a smooth non-hyperelliptic curve which
passes through the 4 base points and is canonically embedded by |3KX |. Thus the points
stay distinct.
Note that the image points span P3 since the homogeneous ideal J of Proj(R¯(0)) in T
contains no linear forms.
Definition 3.5. LetX be a numerical Godeaux surface satisfying the equivalent conditions
of Proposition 3.4. A marking on X is an enumeration p0, . . . , p3 of the base points of
|2KX |. A marked numerical Godeaux surface is a numerical Godeaux surface together
with a marking.
A marked numerical Godeaux surface can only have the torsion groups 0,Z/3Z or
Z/5Z because a divisor D ∈ |K + τ | with 2τ = 0 leads to a fiber 2D ∈ |2KX | and
hence to an everywhere non-reduced base locus. The moduli space of marked numerical
Godeaux surfaces is an S4 cover of an open part of the moduli space of numerical Godeaux
surfaces. Introducing a marking allows us to change coordinates such that |3KX |maps the
base points to the coordinate points of of P3:
p0 7→ (1 : 0 : 0 : 0), p1 7→ (0 : 1 : 0 : 0), p2 7→ (0 : 0 : 1 : 0) and p3 7→ (0 : 0 : 0 : 1).
The stabilizerG ≤ Aut(P3) = PGL(4, k) of the coordinate points as a set isG ∼= (k∗)3⋊
S4.
Proposition 3.6. LetX be a marked Godeaux surface. Then after a change of coordinates
of P(22, 34, 44, 35) and a change of basis of the free resolution F we may assume that the
summands of
F¯ = F/(x0,x1) = F¯
(0) ⊕ F¯(1) ⊕ F¯(2)
as T = k[y0, . . . , y3] = S/(x0, x1) are the following complexes
(0) F¯(0) is theMacaulay2 resolution
T ← 6T (−2 · 3)← 8T (−3 · 3)← 3T (−4 · 3)← 0,
of T/J , where
J = (yiyj | 0 ≤ i < j ≤ 3) =
3⋂
i=0
Ji and Ji = (yj|j 6= i).
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(1) F¯(1) is up to a twist the sum of 4 Koszul complexes
T (−4)← 3T (−4− 3)← 3T (−4− 2 · 3)← T (−4− 3 · 3)← 0
resolving T/Ji,
(2) F¯(2) = (F¯(0))∨ = Hom(F¯(0), T (−17))[−3] is up to twist and shift the dual of F¯(0).
Proof. Since x0, x1 are a regular sequence on R(X) and on S, the complex
0← R¯(X)← F¯0
d¯1←− F¯1
d¯2←− F¯∨1
d¯t
1←− F¯∨0 ← 0
is still exact. We choose coordinates on P(34) such that
R¯(0) = T/J with J = (yiyj | 0 ≤ i < j ≤ 3)
holds. Then we can choose a basis of F such that F¯(0) has the desired shape and F¯(2) =
(F¯(0)∨ holds. It remains to normalize F¯(1). We start to prove that the sheaf associated to
R¯(1) on P(34) = P3 has support in the coordinate points.
Lemma 3.7. annT (R¯
(1)) = J .
Proof. We know that
annT (R¯) =
2⋂
i=0
annT (R¯
(i)) = annT (R¯
(0)) = J
since R¯ is a T -algebra, in particular J ⊂ annT (R¯
(1)). Thus V (annT (R¯
(1))) ⊂ V (J) is
clear, and it is enough to prove equality of the vanishing loci, since J is a radical ideal.
Suppose that there is a coordinate point pi which is not contained in V (annT (R¯
(1))).
Then there exists an integer ni ≥ 1 such that y
ni
i ∈ annT (R¯
(1)). Hence for each z ∈ R4 =
H0(X, 4KX) there is a relation of the form
r0x0 + r1x1 + y
ni
i z = 0
in R(X), where r0, r1 ∈ R(X). Since y
ni
i (pi) 6= 0, all forms z ∈ H
0(X, 4KX) must
vanish at the point pi ∈ Xcan. But |4KX | is base point free by [Bom73], Theorem 5.2, a
contradiction.
Now let N = R¯(1)(4) and consider the associated sheaf N˜ on P(34). As a module
over T = k[y0, . . . , y3] with the standard grading deg yi = 1 the module N has a linear
resolution
0← N ← T 4 ← T (−1)12 ← T (−2)12 ← T (−3)4 ← 0.
Thus in this grading N is a 0-regular Cohen-Macaulay module. Hence
N = ⊕d≥0H
0(P3, N˜(d)).
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Since J and Ji generate the same ideal in Tyi , the restriction of N˜ to the affine chart
Ui = {yi 6= 0} is Oripi for some ri ≥ 1 and
N˜ ∼=
3⊕
i=0
Oripi.
Since H0(P3, N˜(d)) = Nd is 4-dimensional for each d ≥ 1 we conclude ri = 1 for all i
and
N =
3⊕
i=0
T/Ji.
Thus R¯(1) =
⊕3
i=0 T/Ji(−4) holds with respect to the grading of S. Hence for suit-
able chosen generators for H0(X, 4KX) and suitable basis of F the complex F¯
(1) has the
desired shape.
Remark 3.8. The Macaulay2 choice of the resolution of Ji = (yj | j 6= i) has not a
skew-symmetric middle matrix. We take the following resolution of T/J0(−4)
T (−4)
(
y1 y2 y3
)
←−−−−−−−−− T (−7)3


0 y3 −y2
−y3 0 y1
y2 −y1 0


←−−−−−−−−−−−−−− T (−10)3


y1
y2
y3


←−−− T (−13)3 ← 0.
and similarly for the other T/Ji(−4).
TheMacaulay2 choice of the resolution of T/J has the following differentials
T
(
y0y1 y0y2 y1y2 y0y3 y1y3 y2y3
)
←−−−−−−−−−−−−−−−−−−−−−−−−−−−− T (−6)6(4)
T (−6)6


−y2 0 −y3 0 0 0 0 0
y1 −y1 0 0 −y3 0 0 0
0 y0 0 0 0 0 −y3 0
0 0 y1 −y1 y2 −y2 0 0
0 0 0 y0 0 0 y2 −y2
0 0 0 0 0 y0 0 y1


←−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−− T (−9)8(5)
T (−9)8


−y3 0 y2 0 −y1 0 0 0
−y3 −y3 y2 y2 0 0 −y0 0
0 0 0 −y2 0 y1 0 −y0


t
←−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−− T (−12)3(6)
Definition 3.9. We call any minimal free resolution of the type
(7) 0← R(X)← F0
d1←− F1
d2←− F∨1
dt
1←− F∨0 ← 0
with a skew-symmetric middle matrix d2 and which restricts with x0 = x1 = 0 to the
complex described above a standard resolution of R(X).
14
Over an algebraically closed field any numerical Godeaux surfaceX such that the base
locus of |2KX | consists of 4 distinct base points R(X) admits a standard resolution. Note
that such a standard resolution is in general not unique.
In a standard resolution the red parts of 3.1 are completely determined. We now plan
to determine the remaining blue parts of the resolution by using (unfolding) parameters for
their entries and analyzing their relations which are imposed by the condition d1d2 = 0.
We start analyzing the relations imposed by d′1d2 = 0, where d
′
1 is the matrix obtained
from d1 by erasing the first row. The first row of d1 will be added at the last step in our
construction, since we can recover it from d2 by a syzygy computation.
0 = d′1d2 =

 ao− b1(y)nt − cb3(y)t an− cpt ab3(y) + b1(y)p
−ent eb4(y)− b2(y)pt ep

 .
Using the order of p0, . . . , p3, we introduce a natural labeling a
(k)
i,j for the 24 entries of
the matrix a as indicated below in the (1 + 4)× (6 + 12) submatrix of d1:

y0y1 + ∗ y0y2 + ∗ y1y2 + ∗ y0y3 + ∗ y1y3 + ∗ y2y3 + ∗ ∗
a
(0)
0,1 a
(0)
0,2 a
(0)
1,2 a
(0)
0,3 a
(0)
1,3 a
(0)
2,3 D0 0 0 0
a
(1)
0,1 a
(1)
0,2 a
(1)
1,2 a
(1)
0,3 a
(1)
1,3 a
(1)
2,3 0 D1 0 0
a
(2)
0,1 a
(2)
0,2 a
(2)
1,2 a
(2)
0,3 a
(2)
1,3 a
(2)
2,3 0 0 D2 0
a
(3)
0,1 a
(3)
0,2 a
(3)
1,2 a
(3)
0,3 a
(3)
1,3 a
(3)
2,3 0 0 0 D3


withD0 =
(
y1 y2 y3
)
,D1 =
(
y0 y2 y3
)
,D2 =
(
y0 y1 y3
)
andD3 =
(
y0 y1 y2
)
.
Imposing the condition d′1d2 = 0 on the general setup for the matrices, we see that 12 out
of the 24 a-variables are a priori zero:
Proposition 3.10. Let d′1 and d2 be as in Notation 3.1 in our standard form satisfying
d′1d2 = 0. If k /∈ {i, j}, then a
(k)
i,j = 0. Furthermore, every non-zero entry of the matrix p
and e can be expressed up to a sign by one of the 12 remaining a-variables.
Proof. The proof of this statement can be deduced either theoretically or computationally
by evaluating the relations eb4(y)−b2(y)pt = 0 and ab3(y)+b1(y)p = 0. For a theoretical
treatment we refer to [Ste18], Section 7.1. A Macaulay2 computation is given by the pro-
cedure getRelationsAndNormalForm from our Macaulay2 package NumericalGodeaux.
Using this statement, we assume from now on that the a-matrix is of the form
a =


a
(0)
0,1 a
(0)
0,2 0 a
(0)
0,3 0 0
a
(1)
0,1 0 a
(1)
1,2 0 a
(1)
1,3 0
0 a
(2)
0,2 a
(2)
1,2 0 0 a
(2)
2,3
0 0 0 a
(3)
0,3 a
(3)
1,3 a
(3)
2,3


.
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Furthermore, expressing any e- and p-variable by one of the a-variables, we obtain a new
matrix of relations:
d′1d2 =

 ao− b1(y)ntr − cb3(y)tr an− cptr 0
−entr 0 ep

 .
In particular, we see from the new matrix of relations that if the entries of the matrix a
are known and satisfy the equation ep = 0, all the remaining relations are linear in the
unknown n, c and o-variables.
Now let us recall that a possible entry of the matrix a is a linear combination of x0, x1
with coefficients in k. We will think of these coefficients as Stiefel coordinates, hence as
the entries of 2× 12-matrices having at least one non-vanishing maximal minor.
Notation 3.11. For a matrix ℓˆ ∈ St(2, 12), we denote by ℓ the line in P11 spanned by the
rows of ℓˆ.
An assignment to the 12 remaining a-variables gives a matrix ℓˆ ∈ St(2, 12), and hence
a line ℓ ⊂ P11. We have to choose lines in P11 such that the quadratic relations coming
from ep = 0 are satisfied. Using again our procedure getRelationsAndNormalForm, we
see that there are exactly 4 different forms
q0 = a
(1)
1,2a
(1)
1,3 − a
(2)
1,2a
(2)
2,3 + a
(3)
1,3a
(3)
2,3,
q1 = a
(0)
0,2a
(0)
0,3 − a
(3)
0,3a
(3)
2,3 + a
(2)
0,2a
(2)
2,3,
q2 = a
(1)
0,1a
(1)
1,3 − a
(0)
0,1a
(0)
0,3 + a
(3)
0,3a
(3)
1,3,
q3 = a
(0)
0,1a
(0)
0,2 − a
(1)
0,1a
(1)
1,2 + a
(2)
0,2a
(2)
1,2
which the assignment of the remaining 12 a-variables have to satisfy. The qi are quadrics of
rank 6. Hence, there are skew-symmetric matricesM0, . . . ,M3 of size 4 so that q0, . . . , q3
are the Pfaffians of these matrices. One possible choice for these skew-symmetric matrices
is:
M0 =


0 a
(1)
1,2 a
(2)
1,2 a
(3)
1,3
0 a
(3)
2,3 a
(2)
2,3
0 a
(1)
1,3)
0

 , M1 =


0 a
(0)
0,2 a
(3)
0,3 a
(2)
0,2
0 a
(2)
2,3 a
(3)
2,3
0 a
(0)
0,3
0

 ,
M2 =


0 a
(1)
0,1 a
(0)
0,1 a
(3)
0,3
0 a
(3)
1,3 a
(0)
0,3
0 a
(1)
1,3
0

 , M3 =


0 a
(0)
0,1 a
(1)
0,1 a
(2)
0,2
0 a
(2)
1,2 a
(1)
1,2
0 a
(0)
0,2
0

 .
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The corresponding variety Q = V (q0, . . . , q3) ⊂ P11 is an irreducible complete inter-
section. Q is irreducible because its singular loci has codimension 8 > 5 in P11. The first
step of our construction method for a marked numerical Godeaux surface X is to choose
a line ℓ ⊂ Q.
Lemma 3.12. Let ℓˆ ∈ St(2, 12) be a matrix. Then
e((x0, x1)ℓˆ)p((x0, x1)ℓˆ) = 0⇐⇒ ℓ ⊂ Q ⊂ P
11.
Proof. Clear from the definition of the variety Q ⊂ P11.
After the choice of a parametrized line ℓ ⊂ Q, hence the choice of a, e and p, the
second step of our construction consists in solving the remaining equations
ao− b1(y)n
t − cb3(y)
t = 0,
an− cpt = 0,
−ent = 0.
This is a system of linear equations for the c-, o- and n-variables.
We end this section by introducing a normal form for the o-matrix which is the 6 × 6
skew-symmetric submatrix of d2 whose entries are homogeneous of degree 5. Let
0← R(X)← F0
d1←− F1
d2←− F∨1
dt
1←− F∨0 ← 0
be a standard resolution of R(X) and define the maps
α0 = idF0, α1 =

id6 γid12
id8

 , α2 =

id6 id12
−γ id8

 and α3 = idF∨
0
,
where γ is a 6 × 8 matrix whose entries are linear forms in x0, x1. Then, setting e1 =
α0d1α
−1
1 and e2 = α1d2α
−1
2 , we obtain another isomorphic standard resolution of R(X)
0← R(X)← F0
e1←− F1
e2←− F∨1
et
1←− F∨0 ← 0,
with a new skew-symmetric matrix o + b3γ
t − γbt3. Motivated by this, we can reduce the
original o-matrix by the 6 × 8 matrix b3(y) and its transpose in a way so that we keep the
skew-symmetry and obtain a new matrix which depend only on 12 o-variables instead of
60 = 4 ·
(
6
2
)
bilinear o-variables

0 o1,0,0y0 o2,0,1y1 o3,0,0y0 o4,0,1y1 0
0 o2,1,2y2 o3,1,0y0 0 o5,1,2y2
0 0 o4,2,1y1 o5,2,2y2
0 o4,3,3y3 o5,3,3y3
0 o5,4,3y3
0


.
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For more details we refer again to our procedure getRelationsAndNormalForm. Now us-
ing the relations coming from ao− b1(y)ntr− cb3(y)tr = 0, we can express any n-variable
as a linear combination of a, o and c-variables. The final system of linear equations de-
pend then on 12 o-variables and 20 c-variables, and a solution for these variables can be
computed using syzygies. We will study these linear solution spaces more extensively in
the following sections.
Remark 3.13. A different normalization pursued in [Ste18] is to make the c-matrix as
much zero as possible. In particular, for torsion-free numerical Godeaux surfaces with no
hyperelliptic bicanonical fibers, the c-matrix can be assumed to be zero in this setting.
4 The dominant component
In Section 3 we have seen that our construction method of numerical Godeaux surfaces
consists mainly of two big steps: first, choosing a line in the quadratic complete inter-
section Q ⊂ P11 and second, choosing a solution for a linear system of equations. This
section concerns the second step. We summarize some of the main results of this section.
Theorem 4.1. For a general line ℓ ⊂ Q ⊂ P11 the linear system of equations for the
remaining o- and c-variables has a 4-dimensional solution space, and ℓ ∈ F1(Q) is a
smooth point in the Fano variety of lines in Q.
Corollary 4.2. There exists a 8+3-dimensional irreducible family in the unfolding param-
eter space for Godeaux surfaces, which modulo the (C∗)3-action gives a 8-dimensional
locally complete family of Godeaux surfaces with trivial fundamental group hence torsion
group Tors = 0.
We call this family the dominant family, because it dominates the Fano variety of lines
F1(Q) ([Ste18] established the irreducibility of F1(Q) numerically).
A sufficient condition for a line ℓ to lead only to Godeaux surfaces in the dominant
family is that ℓ does not intersect the homology loci of the complexes C1 and C2 we
introduce below. A key point is that the Barlow surfaces are part of the dominant family.
Lines leading to torsion Z/3Z- and Z/5Z-Godeaux surfaces have to intersect some of the
homology loci non-trivially.
Starting with matrices d′1 and d2 in normal form, the remaining unfolding parameters
satisfy exactly 46 homogeneous relations coming from d′1d2 = 0: the four quadratic re-
lations q0, . . . , q3 which are Pfaffians and 42 relations which are linear in the unknown
o-variables and c-variables, see getRelationsAndNormalForm.
We start with representing the 42 relations by a matrix. By c we denote the column
vector of the 20 unknown c-variables and by o the column vector of the remaining 12
o-variables. The linear system of equations is of the form(
0 l1
l2 q
)(
c
o
)
= 0
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where l1 is a 12 × 12-matrix and l2 is a 30 × 20-matrix, both having entries linear in the
a-variables, and q is a 30×12-matrix with quadratic entries. We denote the 42×32-matrix
byma and the standardly graded polynomial ring with the 12 remaining a-variables by Sa.
First let us describe the quadratic matrix l1. Arranging the o-variables and the corre-
sponding 12 relations of degree 4 properly, l1 is a skew-symmetric matrix which is the
direct sum of the matrices

0 a(3)1,3 a(3)0,30 a(3)2,3
0

 ,

0 a(2)1,2 a(2)0,20 a(2)2,3
0

 ,

0 a(1)1,3 a(1)0,10 a(1)1,2
0

 ,

0 a(0)0,2 a(0)0,10 a(0)0,3
0

 .
Note that the entries of such a 3×3-matrix are exactly the entries of a row of the a-matrix.
Resolving l1 and l
t
1 = −l1 yields a complex C1 which is a direct sum of four Koszul
complexes
0 1 2 3
total: 4 12 12 4
-3: 4 12 12 4
.
The 30 × 20-matrix l2 is not as easy to describe. Arranging the c-variables and the 30
relations of degree 6, we get
l2 =
(
l1 0
n1 n2
)
,
where n1 is 18×12-matrix and n2 a 18×8-matrix, both having full rank. Furthermore, the
matrix l2 has full rank 20 and hence no non-trivial syzygies. However, over the quotient
ring SQ = Sa/I(Q) we obtain syzygies. Moreover, rather unexpectedly, both modules
ker(l2 ⊗ SQ) ∼= 2SQ(−1) and ker(l
t
2 ⊗ SQ)
∼= 12SQ(−4) are free over this quotient ring.
Putting these together, we get a generically exact complex C2 with Betti numbers
0 1 2 3
total: 12 30 20 2
-4: 12 30 20 .
-3: . . . .
-2: . . . 2
.
Similarly, ker(mta ⊗ SQ)
∼= 4SQ(−3)⊕ 12SQ(−4) is free, however E = ker(ma ⊗ SQ) is
not free.
Proof of Theorem 4.1. Since any syzygy of l2 induces a syzygy of ma and every syzygy
ofma projects to one of l1, we can combine these complexes into a commutative diagram
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0 0 0
0 2SQ(−1) E 4SQ
0 20SQ(2) 20SQ(2)⊕ 12SQ(1) 12SQ(1) 0
0 30SQ(3) 12SQ(2)⊕ 30SQ(3) 12SQ(2) 0
0 12SQ(4) 4SQ(3)⊕ 12SQ(4) 4SQ(3) 0
0 0 0
l2
g2
ma l1
g1
with three split exact rows. The columns are only generically exact. Following the red
arrows in the diagram, we obtain a boundary map 4SQ → 12SQ(4). We verify com-
putationally that this boundary map is the zero homomorphism, and hence we obtain a
complex
(8) 0→ 2SQ(−1)→ E → 4SQ → 0
which is exact except at the last position, due to the homologyH1(C2) = ker(g2)/ im(l2).
Below we will prove computationally that the support of the homology groups Hi(C2)
and Hi(C1) have codimension≥ 2 in Q. Thus a general line ℓ ⊂ Q does not intersect this
locus. If ℓ is such a line, then the complex in (8) restricted to ℓ is exact and we get an exact
sequence of global sections on P1 ∼= ℓ
(9) 0→ H0(OP1(−1)
2)→ H0(E|ℓ)→ H
0(O4P1)→ 0.
Consequently, we obtain a 4-dimensional solution space for the remaining o- and c-variables
in this case.
We will prove that F1(Q) is smooth at a general ℓ computationally by studying a Bar-
low line in Section 4.1. Thus with these two further assertions we obtain the proof of
Theorem 4.1.
In the following we report our results on the homology loci of the complexes intro-
duced above usingMacaulay2. The complex C1 has just homology at the zeroth position,
and we compute that the three entries of each row of the a-matrix form a regular sequence
in Q. More precisely, H0(C1) = coker g1 is supported at a 4-dimensional scheme in Q
which decomposes into eight irreducible varieties. Setting the entries of one row of the
a-matrix to zero, the corresponding locus in Q decomposes into a union of two varieties
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with Betti tables
0 1
total: 1 8
0: 1 3
1: . 4
2: . 1
and
0 1
total: 1 7
0: 1 6
1: . 1
.
For example, restricted to the components corresponding to the entries of the first row, the
a-matrix is of the form

0 0 0 0 0 0
a1,0,1 0 a1,1,2 0 a1,1,3 0
0 a2,0,2 a2,1,2 0 0 a2,2,3
0 0 0 a3,0,3 a3,1,3 a3,2,3

 or


0 0 0 0 0 0
0 0 a1,1,2 0 a1,1,3 0
0 0 a2,1,2 0 0 a2,2,3
0 0 0 0 a3,1,3 a3,2,3

 .
For the second complex C2 we have H2(C2) = H3(C2) = 0 by construction. The
module H1(C2) = ker g2/ im l2 is supported at a 5-dimensional scheme of degree 72 in
Q. There are exactly 24 irreducible components all of codimension 6 in P11 with only two
different Betti tables
0 1
total: 1 6
0: 1 5
1: . 1
and
0 1
total: 1 6
0: 1 4
1: . 2
and exactly 12 components for each Betti table. We checked that all components with the
same Betti table are equivalent under the S4-operation on the coefficients and present only
one example for each class here:
(a0,0,3, a1,1,3, a2,2,3, a3,1,3, a3,2,3, a2,1,2a2,0,2 − a1,1,2a1,0,1 + a0,0,2a0,0,1) ,
(a0,0,3, a1,1,2, a2,2,3, a3,2,3, a2,1,2a2,0,2 + a0,0,2a0,0,1, a3,1,3a3,0,3 + a1,1,3a1,0,1) .
The module H0(C2) = coker g2 is supported at a 5-dimensional scheme of degree 72
in Q. By inspecting this locus, we see that its minimal primes are exactly the minimal
primes of the ideal of 4×4-minors of the a-matrix inQ. It decomposes into 5 components
with Betti numbers
4 of type
0 1
total: 1 7
0: 1 6
1: . 1
and dimension 4, and the fifth of type
0 1
total: 1 12
0: 1 .
1: . 4
2 : . 4
3: . 4
.
In particular we deduce from these computations that the homology loci ofC1 and C2 have
codimension≥ 2 in Q.
To end this section, we will briefly explain how to construct lines in Q meeting no or
some special loci. The idea is the following: first we choose a point p ∈ Q. Then, for a
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general p ∈ Q, the variety Z = Q∩ TpQ is a cone over a surface. Afterwards we choose a
(general) point q in Z different from p. Now, as Q is a complete intersection of quadrics,
the line ℓ = pq is completely contained in Q. Proceeding like this, the constructed line
ℓ does not meet any of the codimension ≥ 2 subloci of Q introduced above. If we want
to construct lines meeting one or two loci, we simply choose the two spanning points in
these loci (if possible).
Remark 4.3. Most of our Macaulay2 computations are performed over finite fields. Over
a finite field F we can find a F-rational point p ∈ Q by intersecting Q with random hyper-
planes down to a zero-dimensional scheme and repeat this until this intersection contains a
F-rational point. For the second point q we proceed analogously with the scheme Z. Note
that under mild hypotheses we can regard lines over a finite field F as a specialization of
lines over an algebraic number field. For a construction method of lines defined over a
finite field extension of Q, we refer to [Ste18], Section 7.2. In [Ste18] we constructed an
element of the dominant family over an algebraic number field of degree 8.
4.1 Barlow surfaces
The Barlow surface ([Bar85]) was the first example of a simply connected numerical
Godeaux surface. In this subsection we first sketch the original construction due to Bar-
low, reconstruct the surface then with our construction and show in the end that the Barlow
surfaces are deformation equivalent to the members of our dominant family. In particular,
every surface in our dominant family is simply connected.
For the reconstruction of the original Barlow surface we follow the descriptions in
[Bar85] and [Lee01]. To start with, we recall that there is an 8-dimensional family of nu-
merical Godeaux surfaces withTors = Z/5Zwhich are given as the quotient of quintics in
P3 under a free action of Z/5Z. In [Cat83], Catanese showed that there is a 4-dimensional
subfamily in which the corresponding quintic is the determinant of a 5 × 5 symmetric
matrix. Moreover, in this 4-dimensional family there exists a 2-dimensional subfamily in
which the group action of Z/5Z can be extended to a group action of the dihedral group
D5. Using a twist of this action, Barlow realized a simply connected numerical Godeaux
surface as a quotient of a double cover of such a quintic. This construction shows the
existence of a 2-dimensional family of simply connected numerical Godeaux surfaces.
In the following we briefly recall the description of a symmetric determinantal quintic
Q5 ⊂ P
3 and the definition of the action of D5 on Q5. Let u1, . . . , u4 denote the coordi-
nates of P3, and let ξ be a primitive fifth root of unity. Then the groupD5 = 〈β, τ〉 acts on
P3 via
β : (u1 : u2 : u3 : u4) 7→ (ξu1, ξ
2u2, ξ
3u3, ξ
4u4),
τ : (u1 : u2 : u3 : u4) 7→ (u4 : u3 : u2 : u1).
A quintic in P3 which is invariant under this action is the determinant of the symmetric
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matrix
(10) A = (aij) =


0 a1u1 a2u2 a2u3 a1u4
a1u1 a3u2 a4u3 a5u4 0
a2u2 a4u3 a6u4 0 a5u1
a2u3 a5u4 0 a6u1 a4u2
a1u4 0 a5u1 a4u2 a3u3

 ,
where a1, . . . , a6 ∈ k are parameters (see [Lee01]). A generic surface Q5 = detA has
an even set of 20 nodes given by the 4 × 4 minors of A. Hence, there exists a double
cover Φ: F → Q5 branched over these nodes. Then Φ is the canonical map of F , and
the canonical ring R = R(F ) is generated by u1, . . . , u4 ∈ R
+
1 , v1, . . . , v5 ∈ R
−
2 with the
following relations
(11)
∑
j
aijvj , (5 relations of degree 3)
vjvk −Bjk, (15 relations of degree 4)
where Bjk is the entry in row j and column k of the adjoint matrix of A (see [Cat83],
Theorem 3.5).
Theorem 4.4 ([Bar85], Theorem 2.5 and subsequent Corollary). There exists an action of
D5 = 〈β, α〉 on F such that β acts freely on F and α with a finite fixed locus. The cor-
responding quotient is a surface B with four double points whose resolution is a minimal
surface of general type with K2 = 1, pg = 0 and π1 = {1}.
The element α acts on F via an induced action of τ on F twisted by the canonical
involution ι : F → F . TheD5 = 〈β, α〉-action on F is given by
β(ui) = ξ
iui, β(vi) = ξ
−ivi,
α(ui) = u−i, α(vi) = −v−i.
using indices in Z/5Z, see [BvBKP12], Remark 4.2.
Example 4.5. The special surface constructed in [Bar85] corresponds to a symmetric quin-
tic as in (1) with parameters
a1 = a2 = a4 = a5 = 1, a3 = a6 = −4,
see [BvBKP12], Remark 2.1. We take these parameters and construct with the help of
Macaulay2 the canonical ring R(X) = R(F )D5 , the canonical model Xcan, a standard
resolution of R(X) as an S-module and the corresponding line ℓ in Q.
Proposition 4.6. The Barlow surface is deformation equivalent to a general member of
our 8-dimensional family of torsion-free numerical Godeaux surfaces. In particular, all
members of our dominant family are simply connected.
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Proof. We verify computationally that over the Barlow line ℓ the solution space in the sec-
ond step is a 4-dimensional linear space, whence, as in the case of a line in Q intersecting
no homology loci, we obtain a P3 of solutions. Using our procedure normalBundleLineInQ,
we determine the normal sheafNℓ|Q which is a line bundle as ℓ does not meet the singular
locus of Q and obtain
Nℓ|Q ∼= OP1(1)
2 ⊕O4P1.
Thus, h0(Nℓ|Q) = 8, h
1(Nℓ|Q) = 0 and we can move the Barlow line to a line in Q
not meeting any of the homology loci. Thus the Barlow surface lies in the dominant
component.
5 Special bicanonical fibers
In this section we characterize special bicanonical divisors of marked Godeaux surfaces.
Recall the following result of Catanese and Pignatelli:
Lemma 5.1. Let X be a numerical Godeaux surface and let C ∈ |2KXcan|. Then one of
the following holds:
(i) C is embedded by ωC and φ3(C) = φωC (C) is the complete intersection of a quadric
and a cubic.
(ii) C is honestly hyperelliptic and φ3(C) = φωC (C) is a twisted cubic curve.
(iii) π∗C = D1 +D2 with Di ∈ |KX + τi|, τi ∈ TorsX nontrivial, τ1 + τ2 = 0.
Case (i) is the general one.
Note that a Gorenstein curve C is called honestly hyperelliptic if there exists a finite
morphism C → P1 of degree 2. This definition does not require that C is smooth or
irreducible.
Proof. We follow the proof of [CP00], Lemma 1.10. Suppose C is not 3-connected. Then
π∗C ∈ |2KX | is not 3-connected as well by [CFHR99] Lemma 4.2, and we have a decom-
position
π∗C = D1 +D2 withD1D2 ≤ 2 and KXDi = 1.
HenceD21+D
2
2 = (2KX)
2−D1D2 ≥ 0, and we may assume thatD21 is non-negative. D
2
1
is odd, sinceD1(D1+KX) is even. HenceD
2
1 > 0 and the algebraic Hodge index theorem
impliesD21 = 1 and D1 = KX + τ1 with τ1 ∈ TorsX \ {0}, hence D2 = KX − τ1. So if
we are not in case (iii), we may assume that C is 3-connected and the result follows from
[CFHR99] Theorem 3.6.
We start characterizing torsion fibers, i.e., fibers of type (iii).
Theorem 5.2. Let X be a marked numerical Godeaux surface with standard resolution
F. A point q = (q0 : q1) ∈ P1 ∼= |2KX| corresponds to a torsion fiber if and only if
rank(e(q)) ≤ 2.
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Proof. Let ϕ : Xcan → Y ⊂ P(22, 34) be our model in the weighted P5. Suppose
rank(e(q)) ≤ 2. Then qˆ = (q0 : q1 : 0 : 0 : 0 : 0) is a point where the matrix d1
drops rank, because
d1(qˆ) =

 ∗ 0 ∗a(q) 0 c(q)
0 e(q) 0

 .
So qˆ ∈ V (ann coker d1)∩ V (y0, . . . , y3) ⊂ Y corresponds to a base point of |3KXcan|. By
Miyaoka’s results qˆ is the intersection point Dˆ1∩ Dˆ2, whereD1+D2 ∈ |2KX | is a torsion
fiber which coincides with the fiber over q. Thus rank(e(q)) ≤ 2 is sufficient.
The proof that the condition is also necessary is more subtle. The ideal I3(e)+I(Q) ⊂
Sa of 3× 3-minors of e decomposes in 7 components with Betti numbers
0 1
total: 1 7
0: 1 6
1: . 1
or
0 1
total: 1 8
0: 1 8
and degree 2 and 1 respectively. We have encountered the 4 components of the first type
already in Section 4. The 3 components of the second type lead to torsion surfaces. Below
we will show that there are 8-dimensional families of Z/3Z and Z/5Z marked Godeaux
surfaces, where the e matrix drops rank in 1 respectively 2 points of the loci of the second
type. Since the family of torsion Z/3Z and Z/5Z Godeaux surfaces is known to be irre-
ducible by [Rei72] and [Miy76] and the condition of Proposition 3.4 is an open condition,
we see that intersecting one or two loci of the second kind is a necessary condition for
torsion marked Godeaux surfaces.
As a corollary of the proof we obtain the following:
Proposition 5.3. Let ℓ ⊂ P11 be a line which intersects V (I3(e))∩Q in a point of a degree
2 component which is not contained in a degree 1 component. Then ℓ does not lead to a
numerical Godeaux surface.
Remark 5.4. In Section 7 we will see that such lines do lead to surfaces which however
are always reducible.
Theorem 5.5. Let X be a marked numerical Godeaux surface, and let q ∈ P1. Then
rank(a(q)) = 3 if and only if the corresponding fiber Cq ∈ |2KXcan| is hyperelliptic.
Proof. After applying a linear change of coordinates if necessary, we may assume that
q = (0 : 1) and
C = Proj(R(X)/(x0)).
Furthermore, as h1(X,OX(nKX)) = 0 for all n, we get
R(X)/(x0) ∼=
⊕
n≥0
H0(C,OC(nKX |C)).
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Using this, we compute that h0(C,OC(6KX |C)) = h0(C,OC(2KC)) = 9 and thus, there
are 6 relations between the 15 global sections
x31, {x1zj}0≤j≤3, {yiyj}0≤i≤j≤3 ∈ H
0(C,OC(6KX |C)).
These relations are given by the first 6 columns of d˜1 := d1 ⊗ S/(x0).
If Cq is hyperelliptic, then by Lemma 5.1 there are 3 equations among these relations
which are quadrics in the yi’s alone. Thus rank a(q) ≤ 3. By computation we see that
I3(e) + I(Q) ⊂ I3(a) + I(Q), hence a point with rank a(q) ≤ 2 belongs to a torsion fiber.
Conversely, suppose that rank a(q) = 3. Then there exists a three-dimensional space
of linear combinations of the first 6 entries
y0y1 + α1x
3
1, . . . , y2y3 + α6x
3
1
of the first row of d˜1 in the ideal ofCq inR(X)/(x0). We have to show that these equations
are quadratic in the yi’s alone and that they define a rational normal curve.
The ideal I4(a) + I(Q) of 4× 4 minors of a decomposes into 5 components with Betti
numbers
four of type
0 1
total: 1 7
0: 1 6
1: . 1
and the fifth of type
0 1
total: 1 12
0: 1 .
1: . 4
2 : . 4
3: . 4
.
The four degree 2 components belong also to I3(e)+ I(Q), hence are excluded, since they
do not lead to marked Godeaux surfaces by Proposition 5.3 unless the point q lies also
in a linear component of I3(e) + I(Q). Since rank a(q˜) ≤ 2 for any q˜ contained in one
of the linear components of I3(e) + I(Q), the fiber over q is not a torsion fiber, because
rank a(q) = 3. Since there are at least 2 quadrics in the yi’s alone and Cq is not at a torsion
fiber, it must be a hyperelliptic fiber, and there are actually precisely 3 quadrics in the yi’s
alone by Lemma 5.1.
We denote by Jhyp ⊂ Sa the fifth component of I4(a) + I(Q). From the proof of
Theorem 5.5 we obtain the following:
Corollary 5.6. Let q ∈ ℓ ⊂ Q ⊂ P11 be a point on a line in Q and let Xcan be a
Godeaux surface constructed from ℓ. Then Cq ⊂ Xcan is a hyperelliptic fiber if and only if
q ∈ V (Jhyp).
Next we describe the image of a hyperelliptic fiber under the birational morphism
ϕ : Xcan → Y . We already know that a hyperelliptic curve is mapped 2-to-1 under the
rational map φ2 × φ3 : X 99K P
1 × P3.
Proposition 5.7. Let C ∈ |2KXcan| be a honestly hyperelliptic curve. Then the restriction
of ϕ : Xcan → Y to C is a birational morphism onto its imageG with pa(G) = pa(C)+ 1.
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Corollary 5.8. If there exists a hyperelliptic fiber, then the morphism ϕ : Xcan → Y ⊂
P(22, 34) is not an isomorphism.
Proof of Proposition. The idea of the proof is to embed C (respectivelyG) into projective
spaces and show that the induced morphism is the restriction of a projection from a point
on a rational normal scroll.
LetK0 be the Cartier divisor corresponding to the g
1
2 onC. We consider the very ample
line bundle OC(6K0) = OC(K0) ⊗ OC(5K0) which is the restriction of OX(6KX) to C
and set V = H0(C,OC(6K0)). HenceC embedded inP(V ) ∼= P8 is contained in a smooth
rational normal scroll of type S(6, 1) (asH0(C,OC(5K0)) = Sym
5(H0(C,OC(K0))+〈u〉
for some global section u). The divisor class of C in S(6, 1) of type 2H−2L, where L de-
notes the class of a ruling andH the class of a hyperplane section. Indeed, letC ∼ aH+bL
for some a, b. Then, clearly a = 2 by the definition of the scroll and C being hyperelliptic,
whereas b = −2 follows from the fact that C has degree 12 under the morphism induced
by 6KX . In particular, C does not meet the directrixH − 6L of the scroll.
Now we consider the image G ⊂ P = P(2, 34) of C under the birational morphism
ϕ : Xcan → Y . Denoting by Ri a rational normal curve of degree i in Pi, we have a
diagram
C S(6, 1) ⊂ P8
G S(6, 0) ⊂ P7
R3 R6 ⊂ P6
KC
OP(6)|G .
The image of G is contained in a cone S(6, 0) over R6 ⊂ P6. The morphism C → G
is the restriction of the projection from a point p on the directrix of S(6, 1) to S(6, 0).
Moreover, the unique line of the ruling of S(6, 1) through p is the only line through p
which intersects C ′ in two points (counted with multiplicity). Let H ′ denote the class of a
hyperplane section on S(6, 0). Since G does not meet the vertex of the cone S(6, 0) and
deg(G) = 12 in P7, we see thatG′ ∼ 2H ′. Hence, using adjunction, we obtain pa(G) = 5.
So ϕ|C : C → G is birational, and pa(G) = pa(C) + 1 holds.
5.1 The hyperelliptic locus
By Corollary 5.6 a point p ∈ ℓ corresponds to a hyperelliptic curve in |2K| if and only if
p ∈ Vhyp = V (Jhyp). The ideal Jhyp has codimension 6 and its free resolution has Betti
table
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0 1 2 3 4 5 6
total: 1 12 50 120 153 92 20
0: 1 . . . . . .
1: . 4 . . . . .
2: . 4 6 . . . .
3: . 4 44 40 4 . .
4: . . . 80 149 92 20
.
The function precomputedHyperellipticLocus records the generators of Jhyp.
Theorem 5.9. Vhyp ⊂ P11 is birational to a product of a Hirzebruch surface F = P(OP1⊕
OP1(2)) with 3 copies of P
1. In terms of homogeneous coordinates v0, . . . , z1 on the prod-
uct, where v0 corresponds to the section of H
0(F,OF (1)) ∼= H0(OP1 ⊕OP1(2)) obtained
from the first summand and v1 corresponds to the section obtained from the second sum-
mand, w0, w1 denote pull backs of homogeneous coordinates of the base of F and similarly
x0, . . . , z1 homogeneous coordinates on the three P
1 factors, we obtain the following: The
birational map
ϕ : P(OP1 ⊕OP1(2))× P
1 × P1 × P1 99K Vhyp ⊂ P
11
is given by the transpose of the 12× 1 matrix

a
(3)
2,3
a
(3)
1,3
a
(3)
0,3
a
(2)
2,3
a
(2)
1,2
a
(2)
0,2
a
(1)
1,3
a
(1)
1,2
a
(1)
0,1
a
(0)
0,3
a
(0)
0,2
a
(0)
0,1


=


v20(x1w1 − x0w0)x1(x1 + x0)y0y1z
2
1
v20(x1w1 − x0w0)x0(x1 + x0)y0y1z
2
0
−v21w
2
0w
2
1(w1 + w0)x0x1(x1 + x0)y0y1z
2
1
−v20(x1w1 − x0w0)x0x1y
2
0z
2
1
−v20(x1w1 − x0w0)x0(x1 + x0)y
2
1z
2
0
v21w
2
0w1(w1 + w0)
2x0x1(x1 + x0)y
2
1z
2
1
−v20(x1w1 − x0w0)x0x1y
2
0z0z1
v20(x1w1 − x0w0)x1(x1 + x0)y
2
1z0z1
−v21w0w
2
1(w1 + w0)
2x0x1(x1 + x0)y
2
1z0z1
−v0v1w0w1(x1w1 − x0w0)x0x1y20z
2
1
v0v1w0(w1 + w0)(x1w1 − x0w0)x1(x1 + x0)y21z
2
1
−v0v1w1(w1 + w0)(x1w1 − x0w0)x0(x1 + x0)y
2
1z
2
0


.
Proof. To check that ϕ(P(OP1⊕OP1(2))×P
1×P1×P1) ⊂ V (Jhyp) is an easyMacaulay2
computation. To check that ϕ is dominant it remains to check that the rank of the Jacobian
matrix of ϕ coincides with the dimension of the affine cone over Vhyp, which is 6. To prove
that the map is birational it suffices to verify that the preimage of the image of a general
point in the product, coincides with the point up to parts contained in the base loci, another
easy Macaulay2 computation which we documented in the file verifyThmHypLocus.
Perhaps more interesting than these computations is the way we found the parametriza-
tion. We describe our approach next. The Macaulay2 details can be obtained with our
function computeParametrizationOfHypLocus.
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From the length of the resolution we see that Jhyp is (arithmetically) Cohen-Macaulay.
The dualizing sheaf of Vhyp has a linear presentation matrix
0← ωhyp ← O
20
P11(−2)← O
92
P11(−3)
which is up to a twist the transpose ψ of the last matrix in the free resolution of Jhyp.
However, ωhyp is not an invertible sheaf, since Vhyp has non-Gorenstein singularities. The
first step towards the computation of the parametrization is to compute the image under
the rational map
Vhyp 99K P
19
defined by |ωhyp(2)|. The graph of this map is contained in the scheme defined by(
b0 . . . b19
)
ψ
and the differentiation with respect to the a
(i)
ij ’s gives a 12× 92-presentation matrix
0← L← O12P19 ← O
92
P19(−1).
The annihilator of L is an ideal J1 of degree 180 and codimension 14 with Betti table
0 1
total: 1 247
0: 1 .
1: . 19
2: . 228
and
0 1
total: 1 81
0: 1 .
1: . 37
2: . 44
is the Betti table of the ideal J1s of degree 168 and codimension 14 obtained by saturating
J1 with respect to
∏19
j=0 bi.
Remark 5.10. On first glance, we were surprised that J1 was not prime. The discovery of
the other component is in principal possible via primary decomposition. We discovered
them by saturating in b0 by good luck. The residual part Jresidual = J1 : J1s decomposes
into 6 components of degree 2. The explanation of the additional components is that these
are contributions from the non-Gorenstein loci of Jhyp.
The next lucky discovery was that the linear strand of the resolution J1s has Betti table
0 1 2 3 4 5
total: 1 37 84 54 24 5
0: 1 . . . . .
1: . 37 84 54 24 5
.
The cokernel of the last differential in the linear strand transposed and twisted, O5
P19
←
O24
P19
(−1), is supported on a rational normal scroll of degree 6. Indeed, V1 = V (J1s) is
contained in a rational normal scroll which is the cone over P5 × P1 ⊂ P11 with vertex
a P7 ⊂ P19. Using a scrollar syzygy [vB07], we can compute the 2 × 6-matrix of linear
forms defining the scroll in P11, and hence an isomorphism of the scroll with P5 × P1.
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The projection of V (J1s) from the vertex into P
11 is defined by an ideal J2 whose
resolution has Betti numbers
0 1 2 3 4 5 6 7
total: 1 19 55 97 99 56 20 3
0: 1 . . . . . . .
1: . 19 52 45 24 5 . .
2: . . 3 52 75 36 8 .
3: . . . . . 15 12 3
.
Using Cox coordinates Q[c0, . . . , c5, w0, w1] we obtain that V2 = V (J2) is a complete
intersection of two quadric bundles of class 2H − R on P5 × P1, where H and R denote
the hyperplane class and the ruling in Pic(P5 × P1). Following [Sch86], the resolution of
J2 can be obtained from the exact sequence
0← OV (J2) ← OP5×P1 ← OP5×P1(−2H +R)← O
2
P5×P1(−4H + 2R)← 0
via an iterated mapping cone
[[C0 ← C1(−2)⊕ C1(−2)]← C2(−4)]
over Buchsbaum-Eisenbud complexes Ci associated to the 2× 6-matrix defining the scroll
with Betti tables
0 1 2 3 4 5
0: 1 . . . . .
1: . 15 40 45 24 5
2: . . . . . .
3: . . . . . .
+ 2 ·
1 2 3 4 5 6
0: . . . . . .
1: 2 6 . . . .
2: . . 20 30 18 4
3: . . . . . .
+
2 3 4 5 6 7
0: . . . . . .
1: . . . . . .
2: 3 12 15 . . .
3: . . . 15 12 3
,
which gives the table above.
Proposition 5.11. V2 is birational to V
′
2 = P(OP1 ⊕OP1(2))× P
1 × P1.
Proof. By inspection we find that in terms of the Cox ringQ[c0, . . . , c5, w0, w1] of P
5×P1
the variety V2 is defined by two relative rank 4 quadrics
det
(
c0 c2
−c4w1 c5(w0 − w1)
)
and det
(
c1 c2
−c4w1 c3w0
)
.
Regarding (
c0 c2
−c4w1 c5(w0 − w1)
)(
y0
y1
)
= 0 and
(
z0
z1
)
= 0
as a linear system for c0, . . . , c5 with coefficients in Cox coordinates (w0, w1, y0, y1, z0, z1)
of P1 × P1 × P1 we find a 4× 6-matrixm with a rank 2 kernel
O(0, 1, 1)2 ⊕O(1, 1, 1)2
m
←− O6
n
←− O(0,−1,−1)⊕O(−2,−1,−1).
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Thus
V ′2 = P(OP1 ⊕OP1(2))× P
1 × P1 99K V2 ⊂ P
5 × P1 ⊂ P11
defined by
(v0, v1, w0, w1, y0, y1, z0, z1) 7→ (v0, v1)n
t ⊗ (w0, w1)
gives a rational parametrization of V2. Note that the rational map is defined by forms of
multidegree (1, 3, 1, 1), where deg v0 = (1, 2, 0, 0), deg v1 = (1, 0, 0, 0) and degw0 =
degw1 = (0, 1, 0, 0).
Proposition 5.12. V1 is birational to a degree 4 rational normal curve fibration V˜
′
1 → V
′
2
in a P4-bundle P(T ) over V ′2 = P(OP1 ⊕ OP1(2)) × P
1 × P1. The varieties V ′1 and Vhyp
are birational to P(OP1 ⊕OP1(2))× P
1 × P1 × P1.
Proof. Let P˜19 = P(OP11 ⊕ O
8
P11
(1)) → P19 denote the blow-up of the projection center
of P19 99K P11. Taking the pullback of this bundle along the rational map V ′2 = P(OP1 ⊕
OP1(2))× P
1 × P1 99K V2 ⊂ P11 from Proposition 5.11 we obtain the bundle P(U)→ V ′2
with
U = OV ′
2
⊕ 8OV ′
2
(1, 3, 1, 1).
Let
ψ′ : Q[b0, . . . , b19]→ Q[u0, . . . , u8, v0, v1, w0, w1, y0, y1, z0, z1]
be the corresponding ring homomorphism. We will solve the equations defined by J3 =
ψ′(J1s) in two steps. Saturating J3 with respect to u0 yields 12 equations which are linear
in the u’s. Their solution space defines a P4-bundle P(T )→ V ′2 .
P19 P˜19 P˜19|V2 P(U) P(T )
V˜1 V
′
1
P11 V2 V
′
2
ψ
The saturation of the image J4 of J3 leads to an ideal defined by 6 relative quadrics, which
we identify with the minors of a homogeneous 2×4-matrix. We compute the 2×4-matrix
by using a relative scrollar syzygy [vB07]. Luckily, the Gro¨bner basis computation in
Macaulay2 uses a relative scrollar syzygy as one of the basis elements of the third syzygy
module. Introducing another P1 factor with coordinates (x0, x1) leads to a parametrization
V ′1 = P(OP1 ⊕OP1(2))× P
1 × P1 × P1 99K V˜1 ⊂ P˜
19.
Finally, substituting this parametrization into the 12 × 92 presentation matrix of L yields
a rank 11 matrix over the Cox ring of V ′1 and the syzygy of the transposed matrix yields
the final parametrization of Vhyp from Theorem 5.9.
31
6 Torsion surfaces
Let X be a numerical Godeaux surface with TorsX = Z/5Z or TorsX = Z/3Z, and let
τi, τj ∈ Pic(X) be two different torsion elements with τi = −τj . As h0(KX + τ) = 1
for any non-trivial torsion element τ in Pic(X), we can choose effective divisors Di ∈
|KX + τi| and Dj ∈ |KX + τj|. Then,
(12) Ci,j = Di +Dj ∈ |2KX|
and Di and Dj intersect in exactly one point which is a base point of |3KX |. Thus, for
T = Z/3Zwe obtain a special reducible bicanonical fiberD1+D2 with τ2 = −τ1, whereas
for T = Z/5Z we obtain two special reducible bicanonical fibers D1 +D4 and D2 +D3
with τ4 = −τ1 and τ3 = −τ2.
In the last case, Reid showed that for any i 6= j, Di and Dj intersect in a unique
point and that for three different i, j, k, any two points of intersection are distinct (cf.
[Rei72], Lemma 0.1 and 0.2). Hence, denoting by Pi,j the intersection points of Di
and Dj , then the two bicanonical divisors C1,4 and C2,3 intersect in four distinct points
{P1,2, P1,3, P2,4, P3,4} which are exactly the base points of |2KX|. In particular, |2KX | has
no fixed components and four different base points.
Next, we study the restriction of the tricanonical map φ3 : X 99K P
3 to a divisorCi,j =
Di + Dj . Working on the canonical model Xcan instead, we may assume that any Di is
an irreducible curve with pa(Di) = 2. We have |3KX |Di| = |KDi +Dj|Di| = |KDi + Q|
where Q is a base point of |3KX |. Thus, under the birational map φ3, the curve Di is
mapped 2 : 1 to a line.
6.1 Z/5Z-surfaces
These surfaces are completely classified:
Theorem 6.1 (see [Miy76] or [Rei72])). Numerical Godeaux surfaces with torsion group
Z/5Z form a unirational irreducible family of dimension 8.
Their proof shows that any G = Z/5Z Godeaux surface arises as a quotient Q5/G of
a quintic as follows: Let ξ be a primitive fifth root of unity. The group G acts on P3 via
β : (u1 : u2 : u3 : u4) 7→ (ξu1, ξ
2u2, ξ
3u3, ξ
4u4).
Consider the G-invariant family of quintic forms
(13)
f = fc = u
5
1 + u
5
2 + u
5
3 + u
5
4 + c0u
3
1u3u4 + c1u1u
3
2u3 + c2u2u
3
3u4 + c3u1u2u
3
4
+ c4u
2
1u
2
2u4 + c5u
2
1u2u
2
3 + c6u
2
2u3u
2
4 + c7u1u
2
3u
2
4
with c = (c0, . . . , c7)
t ∈ A8. The coefficients of u5i are chosen to be 1 to guarantee that
Q5 = V (f) does not meet the four fixed points of the action. The quotient Q5/G is a
Godeaux surface if the parameter c ∈ A8 is chosen such that Q5 has at most rational
double points as singularities.
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In [Ste18], Section 9.1, a minimal set of algebra generators for R(X) = R(Q5)
G with
Q5 and G as above is presented. Moreover, using this set of generators, we determined a
choice for the first syzygy matrix d1 of R(X) depending on c ∈ A8.
In this section, we reconstruct the family of Z/5Z surfaces using our approach. We de-
duce computationally that the locus of possible lines in Q for marked numerical Godeaux
surfaces with Tors = Z/5Z is isomorphic to a S4-orbit of six P
1 × P1’s.
First, in Theorem 5.2 and Proposition 5.3 we have seen that for constructing a Z/5Z-
Godeaux surface we have to choose a line in Q intersecting two P3’s in V (I3(e)) ∩ Q in
exactly one point. So we choose two different P3’s in this locus and evaluate the condition
that a line through two general points is completely contained in the variety Q (see our
procedure lineConditionsTorsZ5). The resulting zero loci W ⊂ P3 × P3 decomposes
into a union of several surfaces of type P1 × P1 ⊂ P3 × P3 and P0 × P2 ⊂ P3 × P3 or
P2 × P0 ⊂ P3 × P3. We verify computationally that there are two components of W ,
both isomorphic to a P1 × P1, which give lines leading generically to numerical Godeaux
surfaces with torsion group Z/5Z. We display the results in a table, using the following
notation:
n = number of components ofW of a given type,
f = dimension of the family of lines,
s = projective dimension of the linear solution space in the second step,
t = total dimension of the constructed family of varieties,
J = generating ideal of the model in P1 × P3,
R.C. = the ring condition introduced in Remark 2.8.
n family of
lines
f
s
t
R.C. # of gen. of
J of a given
bidegree
comments
2 P1 × P1
2
9
11
true
{0, 7} ⇒ 1
{1, 2} ⇒ 1
{1, 5} ⇒ 1
{2, 3} ⇒ 1
a general Z/5Z-Godeaux surface
4 P1 × P1
2
16
18
false {0, 2} ⇒ 3 J defines a surface in P1×P3 which
is the union of three P1 × P1’s
4
4
P0 × P2
P2 × P0
2
16
18
false {0, 2} ⇒ 3 J defines a surface in P1×P3 which
is the union of three P1 × P1’s
Figure 1: Z/5Z-surfaces
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Remark 6.2. Note that for a Godeaux surface X with TorsX = Z/5Z, the image under
the tricanonical map is a hypersurface of degree 7 in P3. Hence the ideal of the image of
X under the product of the bi- and tricanonical map to P1 × P3 must contain a form of
bidegree (0, 7).
Example 6.3. For example, lines in Q ⊂ P11 given in Stiefel coordinates(
0 0 0 p0 0 0 0 0 p1 0 0 0
0 q0 0 0 0 0 0 0 0 0 q1 0
)
,
where ((p0, p1), (q0, q1)) ∈ P1×P1, lead to Z/5Z- Godeaux surfaces whose two reducible
fibers C1,4 and C2,3 are mapped to the union of lines V (y0, y1)∪V (y2, y3) and V (y0, y2)∪
V (y1, y3).
Corollary 6.4. There is subscheme of the Fano variety F1(Q) of lines in Q isomorphic
to the union of 6 = 2
(
3
2
)
surfaces of type P1 × P1 whose elements lead generically to
numerical Godeaux surface withTors = Z/5Z. Moreover, there exists a 2+9-dimensional
unirational family in the unfolding parameter space for marked Godeaux surfaces, which
modulo the (C∗)3-action gives a 8-dimensional family of Godeaux surfaces with Tors =
Z/5Z.
6.2 Z/3Z-surfaces
As in the case of Tors = Z/5Z, numerical Godeaux surfaces with Tors = Z/3Z are
completely classified:
Theorem 6.5 (see [Rei72]). Numerical Godeaux surfaces with Tors = Z/3Z form an ir-
reducible, unirational 8-dimensional component of the moduli space of Godeaux surfaces.
As in the previous section, the idea of the construction is to start with a covering
Y → X , where Y is a surface of general type with K2 = 3, pg = 2 and q = 0 on which
the group G = Z/3Z acts freely. Reid completely describes those covering surfaces
in [Rei72] and gives a refined description for the equations of Y using unprojection in
[Rei13].
In [Ste18], using the unprojection method from [Rei13], we constructed a general
cover surface Y and the canonical ring R(X) = R(Y )G and verified that there are four
distinct base points of |2KX| and that the canonical model Xcan is smooth at these base
points. Hence, we may assume that a general Z/3Z-Godeaux surface admits a marking.
As in the previous section, we want to parametrize lines inQ leading toZ/3Z-Godeaux
surfaces. Recall that the tricanonical system of a Godeaux surface X with Tors = Z/3Z
has a single base point which is contained in a unique bicanonical fiber C1,2 = D1 +D2.
Thus, by Theorem 5.2 and Proposition 5.3, we have to construct lines in Q meeting a
unique P3 ⊂ V (I3(e)) ∩ Q. We first choose a general point p in such a P3 and then a
second point in the cone
Z = TpQ ∩Q ⊂ P
11.
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In each irreducible component Zi of Z we choose a point q and examine the surface con-
structed from the line ℓ = pq. Again we present the computational results in a table,
using
Zi = irreducible component of Z = Tp(Q) ∩Q ⊂ P
11
and f, s, t and J are defined as in Table (1).
bettiZi
# of Zi
f
s
t
R.C. # of gen. of
J of a given
bidegree
comments
1.1)
0 1
0: 1 6
1: . 3
1
5
6
11
true
{0, 8} ⇒ 1
{1, 3} ⇒ 1
{1, 5} ⇒ 1
{2, 2} ⇒ 1
a general Z/3Z Godeaux surface
1.2)
0 1
0: 1 8
4
5
6
11
true
{0, 2} ⇒ 1
{3, 4} ⇒ 2
{4, 1} ⇒ 1
J defines a surface in P1 × P3 which
decomposes into a union of two
(3, 3)-hypersurfaces in P1 × P2
1.3)
0 1
0: 1 8
4
5
12
17
false
{0, 2} ⇒ 2
{1, 2} ⇒ 1
J defines a surface in P1 × P3 which
decomposes into a P1 × P1 and a
(1, 2)-hypersurface in P1 × P2.
1.4)
0 1
0: 1 8
1
4
31
35
false {0, 2} ⇒ 4 J defines a union of two P1×P1’s in
P1 × P3
Figure 2: Z/3Z-surfaces
Remark 6.6. Only the first example leads to a numerical Godeaux surfaceX withTorsX =
Z/3Z. Note that the image of X under the tricanonical map is a hypersurface of degree 8
in P3. Hence the ideal of the image ofX under the product of the bi- and tricanonical map
to P1 × P3 must contain a form of bidegree (0, 8).
Analyzing the component Z1 ⊂ Tp(Q) from the case 1.1) we see that it is cone with
vertex p over a singular surface in P4 with minimal free resolution
0 1 2
total: 1 3 2
0: 1 . .
1: . 3 2
.
Using this observation, we are able to rationally parametrize lines for the case 1.1.):
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Theorem 6.7. There exists a unirational 5-dimensional subscheme of F1(Q) whose ele-
ments lead generically to numerical Godeaux surfaces with TorsX = Z/3Z parameter-
ized by
ϕ : P(OP3×P1 ⊕OP3×P1(2, 3)) 99K F1(Q)
(z, u, w) 7→ 〈


u0
0
0
u1
0
0
0
0
u2
0
0
u3


,


−u20u1w
3
1z1
−u1u23w
2
0w1z1
u1u
2
2w
2
0w1z1
0
−u0u23w
2
0w1z1
u0u
2
2w
2
0w1z1
u21u3w0w
2
1z1
−u20u3w0w
2
1z1
−u2z0 + u22u3w
3
0z1
u21u2w0w
2
1z1
−u20u2w0w
2
1z1
−u3z0


〉.
Moreover, there exists a 5 + 6-dimensional unirational family in the unfolding parameter
space for marked Godeaux surfaces, which modulo the (C∗)3-action gives a 8-dimensional
family of Godeaux surfaces with Torsion group T = Z/3Z.
Proof. First, we choose one of the component in V (I3(e)) ∩ Q isomorphic to a P
3, for
example
V = V (a
(3)
1,3, a
(3)
0,3, a
(2)
1,2, a
(2)
0,2a
(1)
1,3, a
(1)
1,2, a
(0)
0,3, a
(0)
0,2) ⊂ Q.
Let u0, . . . , u3 be new homogeneous coordinates, then a general point p in V is given by
p =
(
u0 0 0 u1 0 0 0 0 u2 0 0 u3
)t
and the tangent space is isomorphic to a P7. Computing the equations, we obtain a P7-
bundle
P(O4P3 ⊕OP3(1)
4)
with homogeneous coordinates v0, . . . , v7. Next, we consider the restriction of Q to this
P7-bundle and choose the irreducible component Z˜1 ofQ specializing to the componentZ1
described above. Among the defining equations Z˜1, there are two determinantal equations
given by (
u20 v7
u21 −v6
)
and
(
u22 v5
u23 −v4
)
.
Using the substitution
v7 = v6,7u
2
0, v6 = −v6,7u
2
1, v5 = v4,5u
2
2, v6 = −v4,5u
2
3
with new coordinates in v6,7 and v4,5, we obtain a new variety Z
′
1 in a P
1-bundle over
P(O4
P3
) defined by 3 equations whose minimal free resolution is given by the Hilbert-
Burch matrix
m =

−u1v0 + u0v1 −u20u21v67u22u23v45 u3v2 − u2v3
v67 v45

 .
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Now regarding
m
(
w0
w1
)
= 0
as a linear system for v0, . . . , v3, v4,5, v6,7, with coefficients depending on the in the coor-
dinates (u0, . . . , u3, w0, w1) of P
3 × P1 we obtain a 3× 6 matrixm with a rank 3 kernel
O(2, 1)2 ⊕O(−2, 1)
m
←− O(1, 0)4 ⊕O(−2, 0)2
n
←− O2 ⊕O(−2,−3)
and
n =

u0 u1 0 0 0 00 0 u2 u3 0 0
0 u0u
2
1w
3
1 0 −u2u
2
3w
3
0 w0w
2
1 −w
2
0w1


t
.
As the sum of the first and second line gives the point p (in the corresponding coordinates)
and we are looking for a second point q ∈ TpQ with q 6= p, we obtain only 2-dimensional
solution spaces for v0, . . . , v3, v4,5, v6,7,. We choose the space spanned by the last two
columns of n which has the right dimension for general points (u, w) ∈ P3 × P1. Thus,
we obtain a birational map
P(OP3×P1 ⊕OP3×P1(2, 3)) 99K Z
′
1
(z0, z1, u0, . . . , u3, w0, w1) 7→
(
z0 z1
)
nt.
Reversing the single substitution steps, we obtain the desired parametrization for the sec-
ond point q and hence for a line ℓ = pq ⊂ Q. Moreover, we verify that for a general
point (u, w, z) the line specializes to one chosen in the case 1.1) above which leads to a
numerical Godeaux surfaces with Tors = Z/3Z.
7 Special surfaces and ghost components
Recall that any line in Q meeting none of the special loci described in Section 4 leads to a
member of our constructed dominant family, that means to a torsion-free marked numeri-
cal Godeaux surface with no hyperelliptic fiber. Marked numerical Godeaux surfaces with
non-trivial torsion group form an irreducible family and their associated lines in Q were
described in Section 6.1 and Section 6.2. Thus, the question remains whether there exists a
different family of torsion-free marked numerical Godeaux surfaces. The associated lines
of such a family must necessarily meet one of the special loci.
7.1 Lines meeting one special locus
In the following, we represent our computational experiments with Macaulay2 for lines
in Q meeting one of the special loci. We work over the finite field F32233 and proceed as
follows. First we choose for each type of the the special loci a representative and compute
a general point p in this component. Afterwards, we determine the intersection
Z = Tp(Q) ∩Q ⊂ Tp(Q) ⊂ P
11,
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where Z is a cone with vertex p. Except for points in the hyperelliptic locus, we can de-
compose Z into its irreducible components. For general points in the hyperelliptic locus
we believe that Z is an irreducible variety. Next we choose a general point q in each of the
irreducible components of Z and obtain a line ℓ = pq ⊂ Q. Finally, we compute the solu-
tion space and determine the dimension of the constructed family of varieties. In the end,
we verify whether the resulting module R = coker d1 satisfies the ring condition (R.C.)
from Remark 2.8 and compute the bihomogeneous model of the variety V (ann coker d1)
in P1 × P3.
Recall that if R is the canonical ring of a numerical Godeaux surface X , then the ideal
of the model in P1×P3 must contain a form of bidegree (0, 9−# of base points of 3KX),
hence of bidegree (0, 9), (0, 8) or (0, 7).
We represent the results in a table denoting byW the chosen special locus and using the
notation f, s, t, J and Zi as in Table (1). Note that if Z has several irreducible components
leading to families with the same values for f, s and t and the same type of irreducible
components of the model in P1×P3, we state the number of those components and display
only the result for one such component.
bettiW
dimW
occurrence
ofW
bettiZi
# of Zi
f
s
t
R.C. # of gen.
of J of
a given
bidegree
comments
1)
0 1
0: 1 6
1: . 1
4
support of
H0(C1),
support of
V (m3(e))
0 1
0: 1 6
1: . 1
3
7
7
14
false
{0, 2} ⇒ 2
{4, 4} ⇒ 1
J defines a surface
in P1 × P3 which
decomposes into
a P1 × P1 and a
(4, 4)-hypersurface
in P1 × P2.
2.1)
0 1
0: 1 5
1: . 1
5
support of
H1(C2)
0 1
0: 1 4
1: . 7
1
7
3
10
true
{0, 9} ⇒ 1
{1, 6} ⇒ 3
...
{6, 2} ⇒ 3
contained in the
closure of the dom-
inant component
2.2)
0 1
0: 1 6
1: . 1
7
7
14
false
{0, 2} ⇒ 2
{4, 4} ⇒ 1
as in 1)
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2.1)
0 1
0: 1 4
1: . 2
5
support of
H1(C2)
0 1
0: 1 4
1: . 5
1
7
3
10
true
{0, 9} ⇒ 1
{1, 6} ⇒ 2
...
{7, 2} ⇒ 1
a torsion-free nu-
merical Godeaux
surface with no
hyp. fibers
2.2)
0 1
0: 1 8
1
6
5
11
true
{0, 2} ⇒ 1
{3, 4} ⇒ 2
{5, 3} ⇒ 1
surface in P1 × P3
decomposes into
a union of two
surfaces which
are (3, 3) hy-
persurfaces in
P1 × P2
2.3)
0 1
0: 1 8
2
6
4
10
true
{0, 2} ⇒ 1
{3, 4} ⇒ 2
{5, 3} ⇒ 1
as in 2.2)
2.4)
0 1
0: 1 8
2
6
3
9
true
{0, 2} ⇒ 1
{3, 4} ⇒ 2
{5, 3} ⇒ 1
as in 2.2)
4)
0 1
0: 1 3
1: . 4
2: . 1
4
support of
H0(C1),
contained
in the hy-
perelliptic
locus
0 1
0: 1 4
1: . 4
1
6
3
9
true
{0, 9} ⇒ 1
{1, 6} ⇒ 5
...
{5, 2} ⇒ 1
torsion-free nu-
merical Godeaux
surface with one
hyperelliptic fiber
5)
0 1
0: 1 .
1: . 4
2: . 4
5: . 4
5
support of
H0(C2),
the hy-
perelliptic
locus
0 1
0: 1 4
1: . 4
1
7
3
10
true
{0, 9} ⇒ 1
{1, 6} ⇒ 5
...
{5, 2} ⇒ 1
torsion-free nu-
merical Godeaux
surface with one
hyperelliptic fiber
Remark 7.1. Note that lines meeting the components in the vanishing locus of the 3 × 3
minors of e with Betti table
0 1
total: 1 8
0: 1 8
have already been studied in Section 6.2.
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7.2 Lines meeting two special loci
In this section, we present our computational experiments for lines meeting at least two
special loci. We work over the finite field F32233. Lines meeting components of the van-
ishing locus of the 3 × 3 minors of the e-matrix have already been studied in the previous
sections. They either lead to marked numerical Godeaux with a non-trivial torsion group
or to surfaces which are no numerical Godeaux surfaces (Theorem 5.2 and Proposition
5.3). Thus, we exclude lines meeting any of these components from our study.
Note that meeting two special loci in Q induces at least a codimension 1 condition.
Thus, being interested in further components or ghost components of our construction
space, we will only display results, where the projective dimension of the linear solution
space in the second step is at least 4. Let W1 and W2 denote the two chosen special loci
in Q. Then we choose first a general point p ∈ W1 ⊂ Q. Afterwards we compute (if
possible) the irreducible components Zi of
W2 ∩ Tp(Q) ⊂ Q ⊂ P
11
and choose in each component Zi a general point q. The line ℓ = pq intersects the two
chosen loci in at least one point each. Note that in several cases the resulting line ℓ inter-
sects also other loci non-trivially or may also be contained completely in some of the loci.
Thus, even for the same choice of pair (W1,W2) we can obtain linear solution spaces of
different dimensions depending on the choice of the component Zi.
bettiW1 bettiW2 s R.C. # of gen.
of J of
a given
bidegree
comments
1.)
0 1
0: 1 3
1: . 4
2: . 1
0 1
0: 1 4
1: . 2
4 false
{0, 2} ⇒ 1
{1, 2} ⇒ 1
J defines a surface in P1 × P3
which decomposes into a P1×
P1 and a non-complete inter-
section surface in P1 × P3.
2.1)
0 1
0: 1 4
1: . 2
0 1
0: 1 4
1: . 2
4
or
5
true
{0, 2} ⇒ 1
{3, 4} ⇒ 2
{5, 3} ⇒ 1
J defines a surface in
P1 × P3 which decomposes
into a union of two (3, 3)-
hypersurfaces in P1 × P2.
2.2)
0 1
0: 1 4
1: . 2
0 1
0: 1 5
1: . 1
4
or
5
true as in 2.1) as in 2.1)
2.3)
0 1
0: 1 4
1: . 2
0 1
0: 1 4
1: . 2
4
or
5
true
{0, 2} ⇒ 1
{3, 4} ⇒ 2
{4, 3} ⇒ 1
as in 2.1)
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Depending on the dimension of the family of lines (and the group operation of C3), the
cases presented above may lead to new ghost components.
For the sake of completeness, we present the results for lines meeting the hyperelliptic
locus in two different points. Recall that the hyperelliptic locus Vhyp is a 5-dimensional
subscheme of Q. For a point p ∈ Vhyp, the intersection Vhyp ∩ Tp(Q) is a curve through
p of degree 72 in Tp(Q) ∼= P7 (a general point in the hyperelliptic locus is a smooth
point of Q). Hence, we have 1-dimensional choice for the second point q, and thus in
total a 6-dimensional family of lines. Furthermore, we verified that C3 operates with a
trivial stabilizer on the general line in this family. We obtain a 6-dimensional family of
torsion-free numerical Godeaux surfaces with two hyperelliptic fibers with the following
numerical data:
3.)
0 1
0: 1 .
1: . 4
2: . 4
5: . 4
0 1
0: 1 .
1: . 4
2: . 4
5: . 4
3 true
{0, 9} ⇒ 1
{1, 4} ⇒ 1
...
{3, 2} ⇒ 1
a numerical Godeaux surface
with trivial torsion group and
two hyperelliptic fibers
Remark 7.2. It is known that the Barlow surfaces have two hyperelliptic bicanonical fibers.
Thus the 2-dimensional locus of Barlow lines is a sublocus of our 6-dimensional family.
Remark 7.3. Note that in the examples of torsion-free marked numerical Godeaux surfaces
presented in this section, the ideal J of the bi-tri-canonical model in P1 × P3 contains a
form of bidegree (7 − 2h, 2), where h is the number of hyperelliptic bicanonical fibers.
Using a different approach, this computational observation is proven in [CP00], Theorem
2.5.
Summary
In this paper we found three 8-dimensional families of numerical Godeaux surfaces whose
bicanonical system on the canonical model has 4 distinct base points. Whether there are
further surfaces of this kind stays open. If such surfaces exist, then they have trivial torsion
group. The corresponding lines ℓ ⊂ Q ⊂ P11 have to intersect some of the special loci
of Section 4. Experimentally over finite fields we investigated surfaces which arise from
a general point on one or two of these loci. Several ghost components of such surfaces
were found. However, all of the surfaces which we discovered, and which do not lie in the
closure of the dominant component, are reducible and mapped to a quadric in P3. If this
is always true then there are no further numerical Godeaux surfaces whose bicanonical
system has no fixed part and four distinct base points.
The results on Godeaux surfaces where the base locus of |2KXcan| is non-reduced will
be published in a further paper. In particular, that paper will contain a description of an 8-
dimensional unirational locally complete family of Godeaux surfaces with Tors = Z/2Z.
Whether our approach will lead to a complete classification of (marked) numerical
Godeaux surfaces depends on whether we will be able to exclude the existence of (even
more) special lines, which lead to smooth surfaces. In those cases the number of choices
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in the second step has to be even larger than in the corresponding case observed so far
experimentally in Section 7.
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